A large time asymptotics for transparent potentials for the 
Novikov-Veselov equation at positive energy 

A. V. Kazeykin^fl and R. G. NovikoAil 

Abstract. In the present paper we begin studies on the large time asymp- 
totic behavior for solutions of the Cauchy problem for the Novikov-Veselov 
equation (an analog of KdV in 2 + 1 dimensions) at positive energy. In 
addition, we are focused on a family of reflectionless (transparent) poten- 
tials parameterized by a function of two variables. In particular, we show 
that there are no isolated soliton type waves in the large time asymptotics 
for these solutions in contrast with well-known large time asymptotics for 
solutions of the KdV equation with reflectionless initial data. 

1 Introduction 

We consider the scattering problem for the two-dimensional Schrodinger 
equation 

-A^ + v{x)ij = E^, xGM^ E = Ef,^,d>0 (1.1) 
at a fixed positive energy, where 



v{x) = v{x), t;GL°°(M^), 

|t;(x)| < g(l + |x|)"^"^ e>0,q>0. 



;i.2) 



It is known that for any /c G M^, such that k'^ = E, there exists a unique 
bounded solution ip~^{x, k) of equation (11.11) with the following asymptotics 



ikx 



ij^(x,k)=e"''' -inV2TTe-Tf k,\k\— + 




;i.3) 



\x\ — +00. 



This solution describes scattering of incident plane wave e*'^^ on the potential 
v{x). The function / = f{k, /), A; G M^ / G M^ k'^ = P = E, arising in fOD . 
is the scattering amplitude for v{x) in the framework of equation (11. ip . 
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In the present paper we are focused on transparent (or invisible) potentials 
V for equation (II .ip . We say that v is transparent if its scattering amplitude 
/ is identically zero at fixed energy E. We consider transparent potentials for 
equation (II. ip as analogs of reflectionless potentials for the one-dimensional 
Schrodinger equation at all positive energies; see, for example, P, [2] as 
regards reflectionless potentials in dimension one. 

In [3] it was shown that 

1. There are no nonzero transparent potentials for equation (II. ip . where 

v{x) = v{x), V G L~(M2), \y(x)\ < ae^l^l, a > 0, /3 > 0. (1.4) 

2. There is a family of nonzero transparent potentials for equation (II. ip . 
where 

v{x) = v(x), i;G5(M2), (1.5) 
and S denotes the Schwartz class. 

In the present paper, in addition to the scattering problem for (11.11) . 
we consider its isospectral deformation generated by the following (2 + 1)- 
dimensional analog of the KdV equation: 

dtv = 4Re(4(9> + d,{vw) - Ed,w), 

dzW = —3dzV, V = V, (1.6) 
v = v{x,t), w = w{x,t), a; = (xi, X2) G M^, t G M, 



where 



dt = T^, dz = -\T. , 02 = 



dV ^ 2 \dxi 8x2) ' ^ 2 \dxi dx 

Equation (II. 6p is contained implicitly in the paper of S.V. Manakov [1] 
as an equation possessing the following representation: 

^^^^ = [L - A] + B{L - E), (1.7) 

(Manakov L — A — B triple), where L = —A + v{x,t) or, in other words, L (at 
fixed t) is the Schrodinger operator of (II. ip . A and B are suitable differential 
operators of the third and the zero order respectively. Equation (II. 6p was 
written in an explicit form by S.P. Novikov and A. P. Veselov in [3], [B], where 
higher analogs of (II. 6p were also constructed. 

Note that both Kadomtsev-Petviashvili equations can be obtained from 
(ll.6p by considering an appropriate limit E — )■ ±00 (V.E. Zakharov). 
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In terms of scattering data the nonlinear equation fll.6p . where E 

E fixed > 0, 



V is sufficiently regular and has sufficient decay as \x\ oo, 
w is decaying as |x| — )■ oo, 

takes the form fl2.1l) - fl2.2p (see Section [2]) and, in particular, 

dfikj,t) 



;i.8) 



dt 



2i [kl - 3kikl - if + 3/i/^] f{k, /, t), (1.9) 



k = {ki,k2) e R^ / = (luk) e K^ k'^ = f = E, where fi-,-,t) is the 
scattering amplitude for v{-,t). Equation fll.9p implies that the nonlinear 
evolution equation fll.6p under assumptions (11. 80 preserves the transparency 
(or invisibility) property of v{x, 0) in the framework of the scattering problem 
for ( ITT]) . 

In the present paper we begin studies on the large time asymptotic 
behavior for solutions of the Cauchy problem for (11.61) under assumptions 
(II. Sp . We give a large time estimate for the family of solutions of (II. 6p with 
E = Efixed > given by (I2.1ip - (l2.13p and parameterized by a function of 
two variables. All potentials of this family are transparent at fixed t and E. 
In addition, this family contains all solutions of (II. 6p with E = Efi^ed > 
such that: 

• f(-,0) G iS(M^), where S denotes the Schwartz class, (1-10) 

• v{-,0) is transparent for (II. ip . (l-H) 

• v{-,0) satisfies (D, where (1.12) 

q < Q{E,e) "small norm" condition, (1-13) 

and Q is a special real function with the properties Q{E,e) > as E > 0, 
e > 0, Q{E, e) — +oo for fixed e > as E +oo, 

• v,w e C°°(M2xM), div{x,t) = 0(|x|~3), w{x,t) = o(l), |x| oo, 
for t e M, J G (NUO)^ 

The aforementioned family of solutions of (II. 6p was considered for the 
ffist time in [3]. In the present work we prove the following estimate 

, , const(tO ln(3 + Itl) ^ ,^ ^ .^ 

\v{x,t)\^ 1+^ — xeM^teM (1.14) 

for each v of this family. 

Estimate (11.141) implies that there are no isolated soliton type waves in 
the large time asymptotics for v{x, t), in contrast with large time asymptotics 
for solutions of the KdV equation with refiectionless initial data. 
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Apparently, it is not difficult to obtain the estimate fll.l4p . where the 
right-hand side is replaced by ^""^^j^^ and even to give precise expression for 
the leading term of the asymptotics of v{x,t) as t — ?■ oo. However, already 
fll.l4p in its present form implies the aforementioned absence of isolated 
soliton-type waves in the large-time asymptotics for v{x,t). 

Studies on the large time asymptotics for solutions of the Cauchy problem 
for the Kadomtsev-Petviashvili equations were fulfilled in [7], [H], [H]. 

Estimate fll.l4p is proved in sections 3-4, using the stationary phase 
method, techniques developed in [3] and [9] and an analysis of some cubic 
algebraic equation depending on a complex parameter. 

2 Transparent Potentials and Inverse Scat- 
tering Transform 

In order to study the large time behavior of the family of transparent po- 
tentials described in the previous section, we will use the inverse scattering 
transform for the two-dimensional Schrodinger equation (11.10 described in 

First, we give the complete definition of scattering data for (11. ip . Let 
k G C^, k"^ = E, Imk ^ and v{x) satisfy conditions (11.21) and (11.131) . Then 
there exists a unique solution of (II. ip such that 

i)[x,k)=(^^'\\^o{\)), |x|^oo. 

It can be shown ([12]) that for G M, \mk ^ the function il){x, k) can be 
expanded as 

fc, x) = e'*^"-7rsgn Im/C2, e^'^" , ^' + + « ^ ' 

\ -fc2Xi + kiX2 -k2Xi + kiX2 V fI / / 

For E > the function b{k) is considered to be scattering data for (II. ip in 
addition to the scattering amplitude f{k, I) arising in (II. 3p . It was shown in 
[To], [m [12] that at fixed positive energy f{k,l) and b{k) uniquely determine 
the potential v{x) satisfying (II. 2p . (11.130 (while f{k,l) alone is insufficient 
for this purpose). 

If potential v{x,t) satisfies the Novikov-Veselov equation (11.60 under as- 
sumptions (11.80 . then dynamics of the scattering data is described by the 
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following formulas 

^^^ihH = 2i [kf + kl- Skikl + Skikl] b{k, t), ke C^ Imk y^O,k^ = E, 

(2.1) 

^I^^hll = 2i [kl - 3k,kl + 3hll] f{k, l,t), k,le M^ k^ = l^ = E. 

(2.2) 

Equation (12.21) implies that the Novikov-Veselov equation preserves the prop- 
erty of transparency. It was also shown in [3] that this equation does not 
preserve, in general, the property of very fast decay of initial data. It can 
only be guaranteed that if f(x, 0) G iS(]R^) and satisfies (11.21) . (I1.13p . then 
for every t we have v{x,t) = 0{\x\~^). 

In the present paper we are concerned with transparent potentials, i.e. in 
the further considerations we assume that f{k,l,t) = 0. We will also put 

E = 1 (2.3) 

without loss of generality (the case of an arbitrary fixed positive energy may 
be reduced to (12. 3p by scaling transformation). Along with the function 
ip{x, k) we will consider the function /i(x, k) related to tp{x, k) by the following 
expression 

i){x,k) = e'^''^i{x,k). (2.4) 

It is also convenient in the two-dimensional scattering theory to introduce 
new notations 

z = Xi + ix2, z = Xi — ix2, X = kl + ik2. 

Then 

and we will consider that 

ip = 'ipiz, X,t), ^ = fi{z,X,t), b = b{X,t). 
In new notations the Schrodinger equation takes the form 

L^ = E^, L = -Ad^d2 + v{z,t), z e C, 
equation (12.11) is written as 



and fl2.4p takes the form 

We also note that in the present paper notation f{z) does not imply that / 
is holomorphic on z, i.e. we omit the dependency on z in the notations. 

Let a transparent potential v{x, t) satisfy at t = conditions (11. 2p . (ll.lSp . 
Then the function fi{z, X,t) has the following properties (see [3]): 

1. fi{z, X,t) is continuous on A G C; 

2. VA G C, |A| 7^ 1, the function fi{z, X,t) satisfies the equation 

dfj,{z, A, t) 



dX 



r{X,z,t)^i{z,X,t), (2.5) 



where 



r{X,z,t) =exp{iS{X,z,t))r{X), r{X) = ^^^^^ — -b{X,0), (2.6) 

A 

S(A.M)^{-i(A. + A. + £4)} + {«(A' + P + l + ij)}; 

(2.7) 

3. fi{z, A, t) — 7- 1 as A — 7- 0, oo. 

Properties 1-3 uniquely determine fi{z, X,t) for all A G C. 

Under the same assumptions on the potential and if v{x, 0) G i5(M^), the 
function b{X,t) has the following properties: for every t G M 

6(-,t)G5(C); (2.8) 



b{l/X,t) = b{X,t), b{-l/X,t) = b{X,ty, (2.9) 
9^9£6(A,t)||^l^^ = forallm,ri>0. (2.10) 

The reconstruction of the transparent potential v{z,t) from these scat- 
tering data is based on the following scheme. 

1. Function fi{z, A, t) is constructed as the solution of the following integral 
equation 

\t) = l-\jj^ r(C, t)WJjf^f^- (2.11) 
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which is uniquely solvable if the scattering data b{X, t) satisfy properties 
fl^ - fl^HI]) . Equation f ETl]) is obtained from by applying the 
Cauchy-Green formula 

D dD 

2. Expanding ii{z, \,t) as A — )■ oo, 



X,t) = l + ^^^^ + o ^—j , (2.12) 
we define v{z,t) as 

v{z,t) = 2id,fx^i{z,t). (2.13) 
3. It can be shown ([ID]) that 

Lip = ip 

where 

ipiz, A, t) = e5(^^"+^A);i(2, A, t), L = -AdA + ^(2, t), 



v{z,t) = v{z,t), v{z,t) is transparent. 

3 Estimate for the linearized case 

Consider 

I{t,z) = J J f{Oexp{tS{Cz,t))dReCdlmC, 

c 

J{t,z) = -^jj ^f{C)exp{zS{C,z,t))dReCdlmC, 

c 

where /(C) G ^^(C), S is defined by ([22D. If v{z,t) = I{t,z), w{z,t) 
J{t, z), where 

(ici' + icr')/(c)G^^(c) 



(3.1) 



as a function of (, and, in addition, 



/(C) = /(-C) and/or /(() = -ICI'V 
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then w satisfy the hnearized Novikov-Veselov equation fll.6p with E = 1. 
In addition, 

v{p,t) = Q for \p\<2, teM, 

where v{-,t) is the Fourier transform of f (■, t), that is v{-,t) is transparent in 
the Born approximation at energy E = 1 for each t G M. 

The goal of this section is to give, in particular, a uniform estimate of 
the large-time behavior of the integral I{t, z) of (13. ip under the assumptions 
that 

/ e C°°(C), 

W(A) = I ""f'T^ -lAl^oo, 
^ ^ I 0(|A|~) as |A| ^0, ^ ' 

^A™^x/WI|A|=i = 

for all m, n ^ 0. 

Applying the classical stationary phase method to (13. ip . (13. 2p (see, for 
example, [13]) yields 

|J(t,^)|=o(^^^,t^oo, (3.3) 

uniformly on 2; G -fC, where K is any compact set of the complex plane. This 
is not sufficient to guarantee the absence of soliton-type waves in the large 
time asymptotics of the potential v{z,t) = I{t,z). So our further reasoning 
will be devoted to obtaining an estimate like (13. 3p uniformly on ^ G C. 

For this purpose we introduce parameter m = f and write the integral / 
in the following form 

I{t,u) = JJ f{C)exp{itS{u,C))dReCdlmC, (3.4) 

c 

where 

s{u, = -I {cu + + ^ + 1) + (c^ + + ^ + i) . (3.5) 

We will start by studying the properties of the stationary points of the 
function S{u,()- These points satisfy the equation 

The degenerate stationary points obey additionally the equation 

u , 12 



^CC = -7J + 6C + 7^ = 0. (3.7) 
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We denote C = 

For each ^, a root of the function Q{u,$,), there are two corresponding sta- 
tionary points of S{u, C), C = 

The function S'^{u, () can be represented in the following form 

s'ciu, c) = ^(c' - Co'H)(c' - - c^'H)- (3.8) 

We will also use hereafter the following notations: 

U = {u = 6(2e-^'^ + e^^^), ip G [0, 27r)} 

and 

U = {n = re^^: r < |6(2e-^'^ + e^^'^)], G [0,27r)}, 
the domain limited by the curve U (see also Figured]). 

Lemma 3.1. 

1. Ifu = 18e^, k = 0,1,2, then 

Co{u) = Ci{u) = C2{u) = e-^ 

and S{u, () has two degenerate stationary points, corresponding to a 
third-order root of the function Q{u,^), = e~^^ . 

2. IfueU{i.e. u = 6{2e-'^ + e^''^) ) and u ^ 18e^ , k = 0,1,2, then 

Co(n) = ClH=e^^/^ C2{u)=e-'^. 

Thus S{u, () has two degenerate stationary points, corresponding to 
a second-order root of the function Q{u,^), = e**^, and two non- 
degenerate stationary points corresponding to a first-order root, ^2 = 

3. Ifue intU, then 

Ci{u) = e"^', and Q^u) ^ Q^u) for i ^ j. 

In this case the stationary points of S{u, () are non- degenerate and 
correspond to the roots of the function Q{u, ^) with absolute values equal 
to 1. 
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4- Ifue C\l], then 

Co{u) = (1 + u)e'^/^ Ciiu) = e-^^ C2{u) = (1 + uj)-'e'^/' 
for certain ip and u > 0. 

In this case the stationary points of the function S{u, Q are non-degenerate, 
and correspond to the roots of the function Q{u,^) that can be expressed 
as Co = (1 + r)e*'^, = e'^^^ 6 = (1 + r)~'e''', (1 + r) = (1 + uj)\ 

Lemma 13.11 is proved in section |5l 

Formula (13. 8 p and Lemma 13.11 give a complete description of the station- 
ary points of the function S{u, (). 

In order to estimate the large-time behavior of the integral having the 
form 

I{t, u,\) = J J /(C, A) exp{itS{u, C))dReCdlmC (3.9) 

c 

uniformly on m, A G C, in the present and the following sections we will use 
the following general scheme. 

1. Consider D^, the union of disks with a radius of e and centers in singular 
points of function f{(, A) and stationary points of S{u, (). 

2. Represent I(t,u, A) as the sum of integrals over and C\Ds: 

I{t, u, A) = lint + lext, where 
Iint= II f{C,X)exp{itS{u,C))dReCdlmC, 

(3.10) 



^ext 



j I /(C, A) exp{itS{u, C))dReCd\uiC. 



3. Find an estimate of the form 

|/mt| = 0(O, as e^O (a>l) 
uniformly on u, A, t. 
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4. Integrate I^xt by parts using Stokes formula 

1 f /(C.A)exp(i:fS(M,C)) ,;; 1 /•/■ /^(C,A)exp(itg(-a.O) ,„ ^ 

= s y — sj(s:o — '^"5/7 — Wo — 

1 /•/■ /(C.A)exp(aS(t,.C))S^'^(i..C) ,„ . 

- Tt J J (s^^ ''^^'""'^ = 

= -j{h-l2-h). (3.11) 

5. For each find an estimate of the form 

(a) = O (^n or (b) = O , as £ ^ 0. 

6. In case (a) set e = — which yields the overall estimate 

\I{t,u,\)\ = o(^-^^^ , as t^oo. 

In case (b) set e = where k{a + /3) = 1, which yields the overall 
estimate 

\I{t,u, X)\ = O i — I , as t — > oo. 

\\t\'-+^ J 

Using this scheme we obtain, in particular, the following result 
Lemma 3.2. Under assumptions Ii3.2\) . Iji3.4\ ), 

uniformly on u E C 

A detailed proof of Lemma 13.21 is given in section O 



4 Estimate for the non— linearized case 

In this section we prove estimate fll.Mp for the solution v{x, t) of the Cauchy 
problem for the Novikov-Veselov equation at positive energy with the initial 



11 



data v{x,0) satisfying properties fll.lOI) - fll.l3l) or, more generally, for v{x,t) 
constructed by means of fl2.6p - fl2.13p . 

We proceed from the formulas (12.121) . fl2.13p for the potential v{z,t) and 
the integral equation (12.111) for fi{z, A,t). 

We write fl2TTD as 

fi{z,X,t) = l + {A,^tfi){z,X,t), (4.1) 

where 



(A,,/)(A) = 9ri(r(A)exp(zt^(n,A))/(A)) = -3 // \ "^^^^ ^'^^ dReCcilmC 



l|| r(C)exp(ztg(^, C))/(C). 



c 

z 



and S{u, () is defined by (13. 5p . u ^ 

Equation (14. ip can be also written in the form 

fi{z, X,t) = l + A,^t ■ 1 + {Al,fi){z, A, t). (4.2) 

According to the theory of the generalized analytic functions (see [E]), equa- 
tions (14. ip . (14. 2 p have a unique solution for all z,t. This solution can be 
written as 

fi{z, A, t) = {I- Al,y\l + A,,t ■ 1). (4.3) 
Equation (14. 3 p possesses a formal asymptotic expansion 

/i(^. A, t) = (/ + Al + At, + ...){! + A,, ■ 1). (4.4) 

From estimate f l4.1Up given below it follows that f l4.4p uniformly converges 
for sufficiently large t. We will also write formula (14. 4p in the form 

fi{z,X,t) = l + A,,-l + R, (4.5) 

where R = A^^^j (1 + A,, ■ 1). 

In addition to A^, we introduce another integral operator i?^ ^ defined as 

B,,t ■f = JJ KC) expiztSiu, 0)mdReCdlmC. (4.6) 

c 

To study (14. 4p we will need some estimates on the values of operators A^^t 
and Bz,t- 

Lemma 4.1. Under assumptions /i2.8\) - l[KT^) . the following estimates hold: 
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(a) 



=0( i^T^ ) , as t^oo (4.7) 



5,,t-A,,t-l| = 0(i^^), as t-^oo {U 



uniformly on u E C; 
uniformly on u E C; 

(c) 

l«.-l)(A)K^, (4.9) 
where P is a constant independent of u and A; 

(d) 

l(^:,ri)(A)|^^|^, (4.10) 



re; 

1^ ,n-i I r-Mn(3+|t|) 



Proof of Lemma ^.i, We proceed according to the scheme described in the 
previous section. 



(a) This point follows from Lemma [3.21 

(h) As {Az^t ■ 1)('^) ^ C*(C), we take to be the union of disks of a 
radius e centered in the stationary points of S{uX)- We note that 
{Az^t ■ 1)('^) = 0(1) uniformly on u (or, equivalently, on z) and A. Thus 
the integral lint (as in fl3.10p ) can be estimated as 



j j r{CX)e^viitS{uXX)){A.,t ■ imdRe^dlmC = 0{e^). 



Now let us estimate the integral lext (as in (13.101) ). For this purpose we 
apply the Stokes formula (as in (13.111) ) taking into consideration that 
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d-Mz,t ■ /)(A) = r(A) exp(zt5(n, A))7(A): 

j I r(C) exp(it5(M, C))(A,,i ■ l)(C)rfReCrfImC = 

r(C)exp(ztSKC))(A,,-l)(C) 



^ dReCrfImC+ 



C\D, 



r{C)exp{ztS{uXmA.,t ■ l)(C)^|(n,C) 



dlie(dlm(- 



Now, proceeding as in the proof of Lemma 13. 2^ we obtain 

(c) In this case we build as the union of disks with a radius of e and 
centers in A and stationary points of S{u, (). The integral lint over 
behaves asymptotically as 0(e). When estimating the integral lext over 
C\De we use (13.81) . (13. lip and the following inequalities 

|C-A|^£, IC-OI^^ 

{(i are stationary points of S{u, ()) which hold for all ( G C\D^. Thus 
we obtain that the asymptotical behavior of Ig^t is at most O 



Then, as proposed by the scheme, we choose e = \t\~^^^^ and obtain 
the required estimate. 

(d) This point is proved by induction. As in point (c) is the union 
of disks with a radius of e and centers in A and stationary points of 
Siu,C). 
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For the integral lint we have 

I lint I 



// '''^'7':'f"-^'V ;,7'-l)(C)^ReC^ImC 



pn-2 f f\r{C)exp{itS{uX)) 



|^|L{n-l)/2j/14 



C-A 



dReCrflmC ^ 



|^|L(n-2)/2j/14- 

(4.13) 



To estimate lext we use the following representation 

r(C)exp(zt5(n,C))(A:,7i-l)(C) ,^ ^„ ^ 

aKe(,alm(, = 

(n 

dC- 



C-A 



C\De 



2t(C-A)5'-KC) 

rJ-(C)exp(it5(«,C))(A«7i-l)(C)^^ ^ 

— dReCdImC+ 

it{C - A)5J-(u,C) 



r(C) exp(z t^(n,C))(A-^-l)(C )gF.-(^^ 
^t(C-A)(5'-(n,C))2 

C\D, 

-aKe(,alm(, 



C\D, 



zt{C-X)S'^{uX) 

= Ji + J2 + J3 + J4. (4.14) 



The integrals Jj can be estimated in the following way 

1 r 1 



|t| . |t|L(n-l)/2j/14^7 J I VS/I-S ^ _ |^|L(„_i)/2j/14^7 



Similarly, 











-1 


1 


\t\ 


|t|L(- 


-1)/2J/14 




\M 








-1 


1 


\t\ 


|t|L(- 


-1)/2J/14 












-1 


1 


\t\ 


|t|L(n- 


-2)/2j/14 
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Thus, 



'exi I 



\t\ ■ |t|L{"-2)/2j/14 . £-13- 

Now we set e = \t\~^^^^ and obtain the overall estimate 



i(^:,fi)(A)i^ 



U|l/14U|L(n-2)/2j/14 ^KSJ/M" 



(e) Proceeding from (d) this point is proved similarly to (b). □ 
Lemma 4.2. Under the assumptions of Lemma \4.1\ we have that: 

(a) . 1 = + O (^) /or A ^ oo, «;/iere 

|a,ai(z,t)| =0 (^i^^^ , as t^oo (4.15) 

uniformly on z ^ C 
(h) Al^^ ■ 1 = + O /or A ^ oo, where 

\dMz.t)\=o{^^^^ , as t~^oo (4.16) 

uniformly on z ^ C 
(c) R = ^^y^ + O (^|Xp) as A — )■ oo, where 

\d,q{z,t)\ = O (^-^^^ , as t^oo (4.17) 
uniformly on z E C 



Proof of Lemma\4-^ The asymptotics for A^t ■ ^, ^zt'^ ^ follow from 



the definitions of A^^t and R, formula fl2.12p and properties (12.81) . (12. 9p . The 
rest of the proof consists in the following. 

(a) Estimate (14.151) follows from (14. 7p and the formula 

ai{z,t) = ~ JJ r(() exp{itS{uX))dRe(dlm( = B^^t ■ 1- 
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(b) Estimate fl4.16p follows from fl4.8p and the formula 

a2{z,t) = ^ jj r(C,C)exp(zt5(n,C,C))(^.,rl)(C)c?ReCrfImC = 



c 



oo 



(c) We note that q{z,t) = ^ ak{z,t) where ak{z,t) is defined 



k=2 



(^L-i)(A) = ^ + o^ ' 



A V lA 

Next, 

ak{z,t) = ^jj r(C)exp(zt5(n,C))«7' " imdReCdlmC 

c 

Thus, proceeding as in point (e) of lemma l¥?T| we obtain that a2{z, t) + 
a3{z,t) = O the rest of the members form a geometric 

progression that converges to the sum of order O (^J^^tttti^- ^ 

Formulas f l212|) . f l233|) . fli3|) and Lemma imply 

Theorem 4.1. Letv{x,t) be a solution to the Cauchy problem for the Novikov- 
Veselov equation U.6\) with E = 1, constructed via /I2.11\) - f2.13\) under as- 
sumptions /12.6]) - /[KT(^) . Then 

const(t>) ln(3 + Itl) _ 
I V : ;i ^ 1 + t 



5 Proofs of Lemmas 13.11 and 13.2 



Proof of Lemma \3.1i Under the additional assumption that 7^ the system 
of equations fl3.6l) - fl3.7|) is equivalent to the following system 



We claim that = .^1 corresponds to a degenerate stationary point of 
(I33D, iff 

the polynomial P(0 = ■C^ H — ~ 1 can be represented 

6 6 (5.2) 

in the form P(e) = - - 6) • 
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Indeed, if ^ = .^i 7^ is a zero of the function Q{u,^) = ~f + ^ + 3'C~^ = 
3P(^)/^^, then Q{u,C,) is holomorphic in a certain neighborhood of ^ = ^1 
and can be expanded into the following Taylor series 

Q{U, = Ci(e - 6) + C2(^ - ^1)' + C3(^ - 6)' + • • ■ 

Thus S'^ can be represented as 

s'ciu, c) = c^ie - ei) + C2ie - 6)' + csie - eo' + • • • 

After differentiating with respect to ( we obtain 

S'l^iu, C) = 2ciC + 4C2(C' - 6)C + 6c3(C' - ^ifC + ... 

The stationary point corresponding to ^ = ^1 can be degenerate if and only 
if ci = 0. 

So for the polynomial P{^) we get the following representation in the 
neighborhood of ^ = ^1 

p(0 = c2(e-6)'e' + o(ie-6n. 

As P(,^) is a third-order polynomial, it follows that P{C,) = {C, — {C, — ^2) ■ 
Expanding the expression for P{^) and equating coefficients for the cor- 
responding powers of ^ results in the following system 

2^1 + 6 = 1, 

266 + ^? = !, (5.3) 
Excluding u from the system yields 

We represent .^1 in the form ,^1 = re"^. Then from the second equation in 
fl5.4|] we get that ^2 = r~^e~^*'^. Substituting this into the first equation of 
yields 

(r^ -r-2)e2'^ = (r-r-i)e-'^. (5.5) 

For r = 1 equation (15.51) holds for all (f. In addition, if r 7^ 1, r > 0, then 
equation (15. 5 p can be rewritten as 

(r + r-^)e^''^ = 2 
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and has no solutions for real (p. 

Using now the second equation in f l5.3p one can see that the set of u 
values, for which (15.41) . (15. 3 p are solvable and (15. 2 p holds, is a curve on the 
complex plane described in the parametric form by 



u 



(see Figure[T]). This curve has three singular points corresponding to = 
k = 0,1,2. For these values of we have that e*''' = = ^2 = e"^**^ 
P{C,) can be represented in the form P{^) = (.^—.^1)'^. For (p 7^ k 
we have that P(0 = - - 6) where e^'^ = ^ ^ = e 

two statements of the Lemma 13.11 are proved. 



3 ' 

and 

2^^. The first 



0,1,2, 



18e 3 




1 o — 

u = 18e 3 



Figure 1: The curve U on the complex plane. 



Let us now fix ,^ = e'''^ and find the set of u for which this ,^ is a root of 
the polynomial -P(0- 

One can see that is the root of -P(0 iff 



D 

We now solve the homogeneous equation 

6 6 



(5.6) 



(5.7) 
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with respect to u to find the plausible perturbations of u for which = e**^ 
remains a root of P{C,)- 

From (ISTj) we get 1 = 6*"^, and thus u = se*'^/^ for s G M. So for all u 
that belong to the line 

m(</?, s) = 6(2e-'^ + e^^'^) + se^'^/^ sgM (5.8) 

one of the roots of -P(0 is equal to e^"^. 

Now we note that the tangent vector to U 

is coUinear to the perturbation vector se*"^/^ for all 7^ ^y^, /c = 0,1,2. 
Thus u{ip, s) given by (15. 8p is the tangent line to U passing through the 
point 6(2e-*^ + e2*^). 

We note that for each u G intU there exist two different tangents to the 
curve U passing through this u. Indeed, note that the tangent lines to the 
curve U passing through the points u = 18e~3~ , = 0, 1, 2, divide the domain 
intU into three parts 

Uo = {u = re^'^, ^ r < 6(2e"''^ + e^^'^), ^ < < 
Ui = {u = re'"^, < r < 6(26"*'^ + e^^'^), ^ < < vr}, 

f/2 = {u = re^'^, < r < 6(2e^*'^ + e^^'^), tt < v? < — } 

o 

(see Figured]). We first study Uq. Let us consider Kqi and J<'o2 which are 
the sets of points of the following pencils of tangent lines: 

Koi = S^ueC: u = 6{2e~''^ + e^''^) + se''^/\ s G M, - y ^ ^ < o| , 

Ko2 = S^ueC: u = 6{2e"''^ + e'^''^) + se''p/\ s G M, < ^ y | . 

It is easily seen that Uq C Kqi, Uq C -^"025 i-e. each point from Uq is covered 
by a certain tangent line from both pencils Kqi and Kq2. It can be shown 
similarly that each point of Uj, j = 1, 2, is covered twice by the corresponding 
tangent lines. 

Thus every point from intU is covered twice which means that for each u 
in the domain limited by the curve U there exist two different roots of P{C,) 
equal to 1 in absolute value. As the product of the roots of the polynomial 
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P(^) is equal to 1, the third root of the polynomial is also equal to 1 in 
absolute value. We do not consider the values u from the boundary of U 
which means that the above-mentioned roots correspond to non-degenerate 
stationary points. Thus the third statement of Lemma 13.11 is proved. 

Now suppose u G C\U. We note that every such point u belongs to 
one and only one tangent line to the curve U. That means that for every 
u G C\U one of the roots of the polynomial P{^), ^i, is such that = 1. As 
u ^ lA , ^ ^i, ^2 1^ ii- Besides |.^o| 7^ 1 because otherwise there would be 
two different tangent lines passing through the corresponding point u. That 
means that for every u G C\U there exists a root of the polynomial P{C)i 
namely C = ■Co; such that \^q\ ^ 1. 

Considering equation (15.61) and its conjugate yields the following system 
of linear equations for u and u 



au + hu 
hu + au 



c, 



where a 



1 - f for each ^ g C, 1^1 1, 0. Thus 



ca-cb ^ ^ ^-^e+e-e e 

aa - bb - 



u 



for each eGC, |e| ^ 1, { ^ 0. 

Now let us consider = = (1 + r)e*'^, 
corresponding value of the parameter u is 



< r < +00. Then the 



u 



6 ( 2e-*'^ + e^'"^ + 



T 



1 + r 



-lip 



In addition to ^ = ^o, for this value of the parameter u polynomial P{^) has 
also a root ^ = 6 = e"^'^. Indeed, if m = 6(26"^'^ + e^^-^), then = e'^^"^ is 
a root of the polynomial P{^), and the plausible perturbation of this u for 
which ^1 remains a root of P{^) is equal to se"*"^. 

In addition, as the product of the roots of P is equal to 1, the third root 
is .^2 = (1 + T)~^e'^'^. The fourth statement of Lemma [3. II is proved. □ 



Proof of lemma \3M In this case -Dg is the union of disks with a radius of e 
centered in the stationary points of S{u,C). The integral lint (as in fl3.10p ) 
is estimated as 



'■int 



r(C) exp(ztS'(u, C))dReC,d\m.Q 



-De 



< const 



j j dReCt^ImC 
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The estimate for I^^t (as in ( I3.10p ) is proved separately for u G U and 
e C\U. 

I. ueU: 

In this case all ( & lie in the e-neighborhood of the unit circle. 
Consequently, from (ES]), <^M and f CT?]) it follows that for any G N 

and any Eq G (0, 1/2] there exists C = C{eo,N) such that 

|r(C)|^Cp^ |r^(C)|^Cp^ 

for all C G Dp, p ^ 

The function 5*^(^,0 can be estimated as 

l^cKOI^3|^ forCGC\D„„ and 



Taking N = 5 results in the following estimate for Ii 



111^2 



H0\ 



\s'AuX)\ 



dC ^ const— / ICIX ^ 



^ const— ^(1 + = 0(1), ase^O. 



When estimating I2 and J3 we integrate separately over Di.^\De and 
C\D,: 



1/2 1 ^ 



£0 



r'(C)exp(zt^(M,C)) 



S'AuX) 



o?ReCc?ImC+ 



r'(C)exp(zt^(u,C)) 



^;(«,c) 



dRe^dln 



_t/^^.p+co,.t//|r(C)||CVReC<*.mC^O(l). as . 0. 
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Deo\De 



r{Oexp{ztS{uX))S'l^{uX) 



dReCdlmC+ 



dReCdlmC ^ 



^ const 



dp+const JJ \r{C)\\C\dReCdlmC^=^ 0(1), as 5^0. 



Setting finally ^ = ^ yields 



as t — 7- oo 



uniformly on m G U. 
II. u e C\U: 

Let us divide the complex plane into six sets, each containing one and 

2 

only one stationary point of S{u, (): C = |J [Z^ |J Zj^). We define the 



fc=0 



set as the set of points of the complex plane to which the stationary 
point ±(k is the closest: 



z+ = {CeC: 


ic-c 


.1 ^ IC 


- (k\, 


IC + OI 






Z- = {CgC: 


ic-c 


.1 ^ IC 




IC + OI 







where /c G {0, 1,2}. We will estimate the integral over each Zj^ sepa- 
rately. The integrals over Z^ are treated similarly. 

Let us first take ( G Z^. Using the definition of Z^ and the property 
that all C ^ D^f] Z+ lie in the ^-neighborhood of the unit circle one 
can see that the scheme of reasoning for the case I is applicable. 

Now let us consider ( G Z^ |J Z2. 

(A) First, we will study the set of values of parameter u for which 
C2(w), — C2(^) he outside the 2£:o^neighborhood of zero, i.e. > 
2eo. 

We will consider ( G Zq (the case ( G Z2 is treated similarly). If 
C G Zq f] Deo (fo^ ^ certain Eq), then it can be represented as 



C = {I + u)e'^/^ + pe'' , 



P ^ £0- 
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r(C) 

Let us estimate the ratio '^T^ — y -^eo- Co belongs to the 

2eo^neighborhood of Ci, then all ( G -^eo belong to the 3eo^ 
neighborhood of (i. The following estimates hold: 

IC+Cil^ 2-3^0, |C+Col>2-£o, IC+C2|^i+£o, eeZo+f|D,„. 

(5.9) 

Further, we note that for any G N there exists a function r{() 
that can be represented in the form fl2.6p with a certain b{() satis- 
fying properties fl2:8|l - fl210|) . such that |r(C)| ^ |C- 01^1^(01 for 
( belonging to the Seo^neighborhood of (i. This and fl5.9|) imply 
that 



r(C) 



^ const , ^ '""191 F\ r (5.10) 
IC-C2IIC-C0I 



A similar reasoning holds for the case when belongs to the 
2eo^neighborhood of — Ci- Now if Co does not belong to the 2eo- 
neighborhood of Ci and — Ci, then |C — Ci| ^ ^0 and |C + Ci| ^ ^0 
for all ( G Zq f] D^^ ■ Two last estimates of fl5.9p hold and thus 
fl5:T0|) holds with f(C) = r(C). 
The difference |C — C2I can be estimated 

In order to get rid of this member in the denominator, let us 
represent r{Q by the Taylor formula in the neighborhood of (1 + 

f(C) = f(e'''/^+uje'^/^)+f'{e'''/^+coe'^/^+se'^)p, s = \p for some A G [0, 1], 

where ' denotes the derivative with respect to s and where A de- 
pends, in particular, on p. 

For an arbitrary value of u the following estimates hold: 

|f(e*^/2 ^ ^e''^/2)| ^ const (5.12) 
|f'(e*'^/2 ^ ^ei^/2)| ^ constlwl^. (5.13) 

This finally yields 

1^(0 1 ICI^ < const ( + _^ |r'(e^'^/2 ^ we*^/2 + Ape^^)|p^ 



K-C2iic-Con V iSric-Col pic-Col 



IC-Col 
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Now we are ready to estimate Ii. 
r{C)exp{itS{uX)) 



Z+f]dD, 



d( ^ const 



dC 



IC-Co 



0(1) as £^0. 



Z+f]dD, 



For I2 we note that the estimate 



IC-Col 



r(C) 



can be obtained usiner the same reasoning as for the ratio 
Thus 



r'iC)expittSiu,C)) 



+ 



dReCdlmC ^ const J J \r[{C)\\C\^dReCdlmC+ 
dlie(dlm( 



IC-Co 



0(1) as e^O. 



In order to estimate 



riC) 



, , , „ in we take the members in 



the Taylor formula for r((^) up to the second order: 

f (C) = f(e'^/2 W^/')+r'(e'^/2^wg*W2)^+l^//(gi^/2^^g*^/2^^^gi^ 

(5.14) 

From formulas fl5.10p - fl5.14p it follows that 



AO 



\m\\c\' 



IC-C2PIC-C012 



< const 



cj(2+i^) \^ I > > |2 

2{TT^] K-^o| 



a;(2+a;) 
2(l+aj) 



IC-CoP 



2p^|C-CoP 
const 
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Thus 



r(C)exp(zt5(n,C))5^'^(n,C) 



dReCdlmC ^ 



£0 



< const 



dp So 
— = const m — . 



Setting £ = ^ yields I3 = 0(ln(|t|)), as t — )■ 00. 



1 



(B) Now let ^ 2eo. 

1 + cu 



If C G Zq f] DsQ, then the following estimates hold 

1 
2^0 



|C±Ci| ^^-l-eo, |C±C2| ^ 7^-3£o, iC + Col >2-eo. 



2eo 

Consequently, 

and the part of the integral I^xt over Zq for this case can be 
estimated, proceeding as in the previous section, as O ^ 
t — )■ 00. 

If C G Z2 n -^£0 5 then the following estimates hold 



ln(|f|) 
1*1 



and thus 



|C±Ci| ^ l-3£o, |C±Co| ^ l-3£o, 



l^cKOI^^IC-C2||C + C2| 



We can estimate |C + C2I ^ IC2I 



. Now let us expand r{Q 



into Taylor formula in the neighborhood of jr^e.'^'^^'^'- 



r{() = r 



1 + u 



1 



1 + U 



e'^'^ + \pe'' ] AG [0,1]. 



For an arbitrary value of > (satisfying ^ 2eQ) the follow- 
ing estimate holds: 



l+UJ 



< const 



l + UJ 



N 
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This yields 



r{0 




^ const ^ 





1 

l+UJ 



IC-C2 



PIC-C2I 



const 



In the same manner 



r{0 



IKOIICP 



ic + C2nc-C2P 



< const 



I \ l+U} ' 



+ 



(li) IC-C2I 

^2' 



const 



(^)^|C-C2P ■ 2p^|C-C2P 

Following further the reasoning from the case (A) we obtain that 

ln(|t|)' 



^ext — O 

uniformly on m G C. 



as t — 7- 00 



□ 



References 

[1] Segur, H.: The Korteweg-de Vries equation and waves. I. Solutions of 
the equation. J. Fluid Mech. 59, 721-736 (1973) 

[2] Zakharov, V.E., Manakov S.V.: Asymptotic behaviour of non-linear 
wave systems integrated by the inverse scattering method. JETP 71, 
203-215 (1976), translation in Sov. Phys. JETP. 44(1) 106-112 (1976) 

[3] Grinevich, P.G., Novikov, R.G.: Transparent potentials at fixed energy 
in dimension two. Fixed energy dispersion relations for the fast decaying 
potentials. Commun. Math. Phys. 174, 409-446 (1995) 

[4] Manakov, S.V.: The inverse scattering method and two-dimensional evo- 
lution equations. Uspekhi Mat. Nauk. 31(5), 245-246 (1976) (in Russian) 

[5] Veselov, A. P., Novikov, S.P.: Finite-zone, two-dimensional, potential 
Schrodinger operators. Explicit formula and evolutions equations. Dokl. 
Akad. Nauk SSSR. 279, 20-24 (1984), translation in Sov. Math. Dokl. 
30, 588-591 (1984) 

[6] Veselov, A. P., Novikov, S.P.: Finite-zone, two-dimensional Schrodinger 
operators. Potential operators. Dokl. Akad. Nauk SSSR. 279, 784-788 
(1984), translation in Sov. Math. Dokl. 30, 705-708 (1984) 



27 



[7] Manakov, S.V., Santini, P.M., Takchtadzhyan, L.A.: An asymptotic 
behavior of the solutions of the Kadomtsev-Petviashvih equations. Phys. 
Lett. A. 75, 451-454 (1980) 

[8] Hayashi, N., Naumkin, P.I., Saut, J.-C: Asymptotics for large time 
of global solutions to the generalized Kadomtsev-Petviashvili equation. 
Commun. Math. Phys. 201(3), 577-590 (1999) 

[9] Kiselev, O.M.: Asymptotics of a solution of the Kadomtsev- 
Petviashvili-2 equation. Tr. Inst. Mat. Mekh. 7(1), 105-134 (2001), 
translation in Proc. Inst. Math. Mech. suppl.l, S107-S139 (2001) 

[10] Grinevich, P.G., Manakov, S.V.: The inverse scattering problem for 
the two-dimensional Schrodinger operator, the 9-method and non-linear 
equations. Funkt. Anal, i Pril. 20(2), 14-24 (1986), translation in Funkt. 
Anal, and Appl. 20, 94-103 (1986) 

[11] Novikov, R.G.: Reconstruction of a two-dimensional Schrodinger oper- 
ator from the scattering amplitude at fixed energy. Funkt. Anal, i Pril. 
20(3), 90-91 (1986), translation in Funkt. Anal, and Appl. 20, 246-248 
(1986) 

[12] Novikov, R.G.: The inverse scattering problem on a fixed energy level 
for the two-dimensional Schrodinger operator. J. Funkt. Anal, and Appl. 
103, 409-463 (1992) 

[13] Fedoryuk, M.V.: Method of steepest descent. Moscow (1977) (in Rus- 
sian) 

[14] Vekua, I.N.: Generalized analytic functions. Oxford: Pergamon Press 
(1962) 



28 



